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Abstract
We calculate analytically asymptotic values of quasi-normal frequencies of four-dimensional Kerr black holes by solving
the Teukolsky wave equation. We obtain an expression for arbitrary spin of the wave in agreement with Hod’s proposal which
is based on Bohr’s correspondence principle. However, the range of frequencies is bounded from above by 1/a, where a is
the angular momentum per unit mass of the black hole. Our argument is only valid in the small-a limit which includes the
Schwarzschild case.
 2003 Elsevier B.V.
Quasi-normal modes of black holes in asymptotically flat space–times play an important role in black hole
physics and have attracted a lot of attention recently [1–11]. For high overtones, the imaginary part of the quasi-
normal frequencies may be easily understood in terms of the poles of thermal Green functions, the spacing of
frequencies being 2πiTH, where TH is the Hawking temperature. On the other hand, the real part approaches an
interesting asymptotic value
(1)ω= TH ln 3
in the case of gravitational perturbations. This has long been known numerically [12–16]. The analytical
expression (1) was proposed by Hod [17] and was subsequently shown to be related to the Barbero–Immirzi
parameter [18,19] of loop quantum gravity (see [20–24] and references therein). The starting point of these
arguments is the entropy–area relation S = 14GA [25], relating the number of microstates of the black hole, S,
to the area of the horizon, A. Mukhanov and Bekenstein [26] proposed that the area spectrum of black holes be
discrete with spacing of eigenvalues
(2)δA= 4G lnk, k = 2,3, . . .
in units such that h¯= c= 1. Hod [17] used Bohr’s correspondence principle to relate the real part of quasi-normal
frequencies (1) to the area spectrum (2). His argument suggested that k = 3 in (2) instead of the expected k = 2 [26].
This is intriguing from the loop quantum gravity point of view because it suggests that the gauge group should be
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quantum gravity.
The asymptotic expression (1) has been derived analytically by Motl and Neitzke [3,5] who used an interesting
monodromy argument which relied heavily on the unobservable black hole singularity. First-order corrections
have also been calculated analytically through a WKB analysis [8] for a gravitational wave and by solving the
wave equation perturbatively [27] for arbitrary spin of the wave.
Extending the above results to rotating (Kerr) black holes does not appear to be straightforward. By applying
Bohr’s correspondence principle, Hod [28] has argued that the real part of the quasi-normal frequencies of
gravitational waves ought to be given by the asymptotic expression (cf. Eq. (1))
(3)ω= TH ln 3+mΩ,
where m is the azimuthal eigenvalue of the wave and Ω is the angular velocity of the horizon. On the other hand,
numerical results have been obtained [10] which appear to contradict the above assertion, suggesting instead an
asymptotic expression independent of the temperature,
(4)ω=mΩ.
Here, we present an analytical solution to the wave ([29]) equation which is valid for asymptotic modes bounded
from above by 1/a, where a is the angular momentum per unit mass of the Kerr black hole. Thus, our calculation
is valid in the small-a limit (a  1), which includes the Schwarzschild case (a = 0). Our results confirm
Hod’s expression (3), but do not necessarily contradict the numerical result (4). The latter may well be valid
in the asymptotic regime 1/a  ω. In the Schwarzschild limit (a = 0), the range of frequencies considered in
our calculation extends to infinity and our expression, which generalizes (3), reduces to the expected form [5]
generalizing (1) to arbitrary spin of the wave.
The metric of a four-dimensional Kerr black hole may be written as
(5)
ds2 =−
(
1− 2Mr
Σ
)
dt2 + 4Mar sin
2 θ
Σ
dt dφ+ Σ
∆
dr2 +Σ dθ2 + sin2 θ
(
r2 + a2 + 2Ma
2r sin2 θ
Σ
)
dφ2,
where
(6)Σ = r2 + a2 cos2 θ, ∆= r2 − 2Mr + a2.
M is the mass of the black hole and we have set Newton’s constant G= 1. The roots of ∆ are given by
(7)r± =M ±
√
M2 − a2
the larger being the radius of the horizon (rh = r+). The black hole is rotating with frequency
(8)Ω = a
2Mr+
and its Hawking temperature is
(9)TH = 1− r−/r+8πM .
Small perturbations are governed by the Teukolsky wave equation [29–31](
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− a2 sin2 θ
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(10)− 2s
(
a(r −M)
∆
+ i cosθ2
)
∂Ψ
∂φ
+ (s2 cot2 θ − s)Ψ = 0,sin θ
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Separating variables
(11)Ψ = e−iωt eimφS(θ)f (r)
we obtain an angular and a radial equation, respectively,
(12)1
sin θ
(sin θS′)′ +
(
a2ω2 cos2 θ − m
2
sin2 θ
− 2aωs cos θ − 2ms cosθ
sin2 θ
− s2 cot2 θ
)
S =−(A+ s)S,
(13)1
∆s
(
∆s+1f ′
)′ + V (r)f = (A+ a2ω2)f,
where the potential is given by
(14)V (r)= (r
2 + a2)2ω2 − 4aMrωm+ a2m2 + 2ia(r −M)ms − 2iM(r2− a2)ωs
∆
+ 2irωs
and A is an eigenvalue to be determined by solving the angular equation (12). Before attempting to solve these
equations, let us simplify them by placing the horizon at r = 1. This is accomplished by setting
(15)2M = 1+ a2.
Then the roots of ∆ (Eq. (7)) are given by
(16)r− = a2, r+ = 1,
respectively. Let us try to solve the two wave equations (12) and (13) by expanding in a. We shall keep terms up to
o(a). Moreover, we shall assume that the frequency ω is large but bounded from above by the large parameter 1/a,
(17)ω 1
a
.
Thus, ω is not in the asymptotic regime but rather in an intermediate range. This range of frequencies includes the
asymptotic regime in the Schwarzschild limit a→ 0. Our calculation is valid in the limit of small a (a 1).
The solutions of the angular equation (12) to lowest order are spin-weighted spherical harmonics [29] and the
separation constant (eigenvalue) A is
(18)A= "("+ 1)− s(s + 1)+ o(aω).
It is convenient to express the radial equation (13) in terms of a “tortoise coordinate”. To define it, observe that
near the horizon (r→ 1), the wavefunction behaves as
(19)f (r)∼ (r − 1)λ, λ= i(ω− am)+ o(1/ω).
On the other hand, at infinity (r→∞), we have
(20)f (r)∼ eiωr .
By introducing the variable (“tortoise coordinate”)
(21)z= ωr + (ω− am) ln(r − 1)
we may express the boundary conditions simply as
(22)f (z)∼ e±iz, z→±∞.
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around the singular point r = 1 to this order (o(a)) is easily deduced from (19),
(23)M(1)= e4π(ω−am).
This will serve as the definition of the boundary condition at the horizon [5]. The contour surrounding the
singularity r = 1 can be deformed in the complex r-plane so that it either lies beyond the horizon (r < 1) or
at infinity (r→∞). Then the monodromy only gets a contribution from the segment lying beyond the horizon. To
express the radial equation in terms of the tortoise coordinate, define
(24)f (r)=∆−s/20
R(r)√
r(ωr − am),
where ∆0 = r(r − 1) (note from Eq. (6) that ∆=∆0 + o(a2)). Inverting (21),
(25)r =
√
−2z
ω
+ o(1/ω)
we obtain the radial equation (13) to lowest order in 1/√ω in terms of R,
(26)d
2R
dz2
+
{
1+ 3is
2z
+ 4− s
2 − 4iams
16z2
}
R = 0
to be solved along the entire real axis. This is Whittaker’s equation [32]. Two linearly independent solutions are
(setting x = 2iz)
(27)Mκ,±µ(x)= e−x/2x±µ+1/2M
( 1
2 ±µ− κ,1± 2µ,x
)
,
where
(28)κ = 3s
4
, µ2 = s(s + 4iam)
16
and M is Kummer’s function (also called Φ). For our purposes, the following linear combination (Whittaker’s
function) will be useful:
(29)Wκ,µ(x)= ,(−2µ)
,( 12 −µ− κ)
Mκ,µ(x)+ ,(2µ)
,( 12 +µ− κ)
Mκ,−µ(x)
due to its clean asymptotic behavior,
(30)Wκ,µ(x)∼ e−x/2xκ
(
1+ o(1/x))
as |x|→∞.
To compute the monodromy around the singularity r = 1, we shall deform the contour so that it gets mapped
onto the real axis in the z-plane. Near the singularity z = 0, we have z ≈− ω2r0 r2 (Eq. (25)). We shall choose our
contour in the complex r-plane so that near r = 0, the positive real axis and the negative real axis in the z-plane are
mapped onto
(31)arg r = π − argω
2
, arg r = 3π
2
− argω
2
in the r-plane. These two segments form a π/2 angle (independent of argω). To avoid the r = 0 singularity, we
shall go around an arc of angle 3π/2. This translates to an angle 3π around z= 0 in the z-plane [5]. To implement
this analytic continuation, observe
(32)Mκ,±µ
(
e3πix
)= e3πi(±µ+1/2)e−x/2x±µ+1/2M( 12 ±µ+ κ,1± 2µ,x)=−ie±3πiµM−κ,±µ(x),
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(33)M(a,b,−x)= e−xM(b− a, b, x).
Therefore,
(34)Wκ,µ
(
e3πix
)=−ie3πiµ ,(−2µ)
,( 12 −µ− κ)
M−κ,µ(x)− ie−3πiµ ,(2µ)
,( 12 +µ− κ)
M−κ,−µ(x).
For the asymptotic behavior, we need
(35)M−κ,µ(x)= ,(1+ 2µ)
,( 12 +µ+ κ)
e−iπκWκ,µ
(
eiπx
)+ ,(1+ 2µ)
,( 12 +µ− κ)
e
−iπ( 12+µ+κ)W−κ,µ(x).
As |x| →∞, we obtain
(36)M−κ,µ(x)∼ ,(1+ 2µ)
,( 12 +µ+ κ)
e−iπκex/2(−x)κ + ,(1+ 2µ)
,( 12 +µ− κ)
e
−iπ( 12+µ+κ)e−x/2x−κ
and so
(37)Wκ,µ
(
e3πix
)∼Aex/2xκ +Be−x/2x−κ ,
where
(38)A=−ie3πiµ ,(−2µ)
,( 12 −µ− κ)
,(1+ 2µ)
,( 12 +µ+ κ)
e−πiκ + (µ→−µ),
(39)B =−ie3πiµ ,(−2µ)
,( 12 −µ− κ)
,(1+ 2µ)
,( 12 +µ− κ)
e
−iπ( 12+µ+κ) + (µ→−µ).
Using (28), after some algebra we obtain from (38)
(40)A=−(1+ 2 cosπs)+ o(a2),
where we also used the identities
(41),(1− x),(x)= π
sinπx
, ,
( 1
2 + x
)
,
( 1
2 − x
)= π
cosπx
.
Eq. (40) gives the correct Schwarzschild limit [5]. Notice that there are no o(a) corrections. Using (23), we obtain
for the monodromy around r = 1,
(42)M(1)= e4π(ω−ma) =A
therefore,
(43)ω= 1
4π
ln(1+ 2 cosπs)+ma + o(a2),
which is in agreement with Hod’s formula (3) in the case of gravitational waves (s =−2) and in the small-a limit
(in which Ω ≈ a; also note TH ≈ 14π in our units). However, it should be emphasized that these are not asymptotic
values of quasi-normal modes being bounded from above by 1/a.
To summarize, we have obtained an analytical expression for asymptotic values of quasi-normal frequencies of
Kerr black holes by solving the wave ([29]) equation perturbatively. The zeroth-order approximation is Whittaker’s
equation. We applied the monodromy argument of Motl and Neitzke [5] to the zeroth-order solution and arrived at
an explicit expression for arbitrary spin of the wave (Eq. (43)). This result is in agreement with Hod’s suggestion (3)
based on Bohr’s correspondence principle in the case of gravitational waves and in the small-a limit. Eq. (43) is
only applicable to modes bounded from above by 1/a. It would be interesting to extend our results to general
values of a and an unbounded asymptotic regime of quasi-normal modes, 1/a  ω. Such an extension is far from
straightforward.
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